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Nuclear saturation in lowest-order Brueckner theory with two- and three-nucleon
forces in view of chiral effective field theory
M. Kohno∗
Research Center for Nuclear Physics, Osaka University, Ibaraki 567-0047, Japan
The nuclear saturation mechanism is discussed in terms of two-nucleon and three-nucleon inter-
actions in chiral effective field theory (Ch-EFT), using the framework of lowest-order Brueckner
theory. After the Coester band, which is observed in calculating saturation points with various
nucleon-nucleon (NN) forces, is revisited using modern NN potentials and their low-momentum
equivalent interactions, detailed account of the saturation curve of the Ch-EFT interaction is pre-
sented. The three-nucleon force (3NF) is treated by reducing it to an effective two-body interaction
by folding the third nucleon degrees of freedom. Uncertainties due to the choice of the 3NF low-
energy constants cD and cE are discussed. The reduction of the cutoff-energy dependence of the
NN potential is explained by demonstrating the effect of the 3NF in the 1S0 and
3S1 states.
I. INTRODUCTION
It is one of the fundamental problems in nuclear physics to understand saturation properties of atomic
nuclei on the basis of the underlying interactions between nucleons. A description of the nucleon-nucleon (NN)
interaction has been developed in about eighty years after the meson theory was conjectured by Yukawa in 1935
[1]. It was recognized in the early stage from the analyses of NN scattering data that the NN force described as
an instantaneous two-nucleon potential is strongly repulsive at short distances as is fairly well approximated by
a hard core. On the other hand, experimental evidences that disclose single-particle structures of atomic nuclei
have been accumulated. An explanation of this seemingly contradicting situation was given by Brueckner theory
in the 1950’s [2]. The central element in this theory is a reaction matrix (or G matrix), which describes in-
medium NN correlation and takes care of strong repulsion of the NN interaction at short distances. Afterwards,
the theory was organized as the quantum many-body theory [3–5]: the framework of a perturbation description
of nuclei in terms of the G-matrices.
Although the Brueckner theory was successful to qualitatively account for the reason for the appearance of
the shell structure, a quantitative explanation of nuclear saturation properties has not been completed. Various
calculations in nuclear matter showed that theoretical saturation points obtained from existing NN potentials
which achieve very high accuracy in describing scattering data miss the empirical location [6, 7]. It is improbable
that a certain new functional form of the potential, either in coordinate space or in momentum space, resolves
the problem. Concerning higher-order correlations not included in these nuclear matter calculations, their
contributions have been shown to be rather modest and do not improve the situation [8]. In addition, different
quantum many-body frameworks, for example a variational method, also predict similar saturation properties
to those in the Brueckner theory [9, 10].
There have been various conjectures about the missing mechanism to explain the correct nuclear saturation
properties, such as relativistic effects, many-body forces, and possible modifications of nucleon properties in
the nuclear medium. Among them, the three-nucleon force (3NF) contribution is a promising candidate to
be investigated first, for which the Fujita-Miyazawa [11] type interaction involving an isobar ∆ excitation is
a prototype. As for the relativistic effect, Dirac-Bruckner calculations were shown to explain quantitatively
nuclear matter saturation [12]. However, the processes including anti-nucleon excitations involve considerably
higher energy scale than that of the isobar ∆ excitation. Thus, it is important to establish the contribution
of the three-nucleon force effects to examine if it is reasonable or not. There have been many attempts in the
literature to use the 3NF contributions to reproduce correct nuclear saturation properties [10, 13–16]. However,
these calculations are exploratory or include more or less phenomenological adjustments.
The situation has changed since the description of the NN interaction in chiral effective field theory (Ch-EFT)
[17, 18] achieved, at the N3LO level, the comparable accuracy with other modern NN interactions below the pion
production threshold energy and the 3NFs were introduced systematically and consistently to the NN sector.
The study of Ch-EFT 3NF contributions in nuclear and neutron matter started in the many-body framework
such as the Hartree-Fock approximation [19], and perturbation calculations up to the second order [20] and the
third order [21, 22].
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2The present author gave a brief report, in Ref. [23], on the lowest-order Brueckner theory (LOBT) calculations
in nuclear matter using the N3LO NN and NNLO 3NF interactions, in which a focus was put on the effective spin-
orbit strength. The 3NF was treated as a density-dependent effective NN force, as in Holt et al. [24] but without
introducing an approximation for off-diagonal matrix elements. More details about the calculated saturation
curves were presented in Ref. [25]. Sammarruca et al. [26] presented results of similar LOBT calculations. They
also discuss cutoff scale dependence and order-by-order convergence of the Ch-EFT interactions on nuclear and
neutron matter calculations [27] . Carbone et al. [28, 29] have investigated the Ch-EFT 3NF contributions
in their self-consistent Green’s function formalism, taking into account a correlated average of the 3NF over
the third nucleon. All these calculations find the important and desirable effects of the 3NF to improve the
description of nuclear saturation properties.
It was shown in Ref. [25] that the saturation curve becomes close to the empirical one when the effects of the
3NF are included as an effective NN interaction by folding the third nucleon. In addition, the strong spin-orbit
strength required for nuclear mean filed calculations is explained by the additional contribution from the 3NF
[23, 25]. A further interesting observation is that the cutoff-energy dependence was substantially reduced by the
inclusion of the 3NF effects, which is a desirable feature for the effective theory having a cutoff parameter. The
mechanism to produce these results was briefly discussed in Ref. [25]. This paper supplements the explanation
by extending the discussion to the wide scope of the nuclear saturation mechanism.
In fermion many-body calculations, a Pauli exclusion plays essential roles in considering two-particle correla-
tions. In a nucleon-nucleon correlation in the nuclear medium, the Pauli effect reveals dominantly in the triplet
even channel, because typical momentum transfer in the tensor correlation lies in the momentum region of the
Fermi momentum of nuclei. On the other hand, short-range repulsion is characterized by higher momentum
transfer, and hence the short-range correlation is not sensitive to the Pauli effect. The introduction of equivalent
interactions in low-momentum space [30] is concerned with the elimination of the short-range and thus high-
momentum component of the NN interaction in the two-nucleon sector. It is useful to consider nuclear matter
saturation curves obtained using low-momentum equivalent interaction. Because the tensor interaction is also
transformed to fit in the low-momentum space, the saturation curve varies with changing the low-momentum
scale. This variation is due to the elimination of possible correlations in the many-body space, which should be
recovered by inducing many-body effective interactions in the restricted space. This situation is shown to be
analogous to the 3NF effects.
Section 2 revisits a Coester band of LOBT nuclear matter calculations, which was first demonstrated by
Coester et al. [31] in 1970. The character of unitary uncertainties in the NN potential on the LOBT calculation
is further demonstrated in Sect. 3 by using low-momentum interaction, which is equivalent to the original
interaction in the low-momentum two-body space. Section 4 reports the results of the nuclear matter calculations
by using Ch-EFT interactions. First, uncertainties due to the 3NF parameters cD and cE are discussed in
subsection 4.1. It is shown that the cD and cE term contributions to nuclear matter energies cancel each other
when cD ≈ 4cE is satisfied, and this relation is favorable to describe nuclear saturation properties as shown in
Ref. [25]. On the basis of this observation, the results with cD = cE = 0 are first presented and the dependence
of calculated energies on cD and cE is demonstrated. Qualitative explanations of the 3NF contributions are
given in Section 5. Summary and some remarks follow in Sec. 6.
II. COESTER BAND OF LOBT SATURATION POINTS
The Coester band of LOBT nuclear matter calculations is recapitulated in order to give the basis for the
discussion in the following sections.
In the lowest-order of the Brueckner-Bethe-Goldstone many-body theory, the energy per nucleon in nuclear
matter with the Fermi momentum kF is given by
E/A =
1
ρ
∑
|k|≤kF
h¯2
2m
k2 +
1
2ρ
∑
|k1|,|k2|≤kF
〈k1k2|G|k1k2〉A, (1)
where spin and isospin summations are implicit and the subscript A stands for the antisymmetrization. The
nucleon density of symmetric nuclear matter is calculated as ρ =
∑
|k|≤kF
1 =
2k3
F
3pi2 . The reaction matrix G is
3(a) (b)
FIG. 1: Three-hole line diagrams corresponding to the definition of single-particle potential, Eq. (3). The downwards
(upwards) arrow represents an occupied (unoccupied) state. The dotted line denotes a bare interaction V .
determined by the G-matrix equation
G|k1k2〉A = V |k1k2〉A
+
∑
k
′
1
k
′
2
V |k′1k′2〉A〈k′1k′2|
Q
e(k1) + e(k2)− e(k′1)− e(k′2)
|k′1k′2〉A〈k′1k′2|G|k1k2〉A, (2)
where V denotes a two-nucleon bare interaction. The single-particle energy e(k) of an occupied state, k ≤ kF ,
is determined from the G-matrix self-consistently:
e(k) =
h¯2
2m
k2 +
∑
|k
′
|≤kF
〈kk′|G|kk′〉A. (3)
This definition corresponds to including diagrams shown in Fig. 1 in the energy. As for the unoccupied
state, there are some ambiguities linked to the choice of intermediate spectra of the perturbative expansion.
There are two standard prescriptions. The gap choice takes e(k) = h¯
2
2mk
2 for k > kF . The reason for this
prescription is that the insertion for the particle state should be treated as the three-body correlation diagrams
and the net contribution of these diagrams is small. The other is the continuous choice; that is, e(k) =
h¯2
2mk
2 +
∑
|k
′
|≤kF
〈kk′|G|kk′〉A for k > kF . In this case, there is no rigorous correspondence similar to that in
Fig. 1, because G-matrix cannot be on-shell for the insertion in the perturbative expansion of the total energy.
Since Song et al. [8] showed that the net contribution in the total energy from higher-order diagrams is smaller
in the continuous prescription, this choice has been commonly employed. In the calculations below, the Pauli
exclusion operator is approximated by introducing angle-averaging. The accuracy of this approximation in Ref.
[32, 33] for the gap prescription. The denominator of Eq. (2) is also treated with an angle-average for k′1 and
k
′
2.
Nuclear matter calculations in the LOBT have shown [6, 7] that varying nucleon-nucleon potentials predict
different saturation curves; namely, the relation of the calculated energy per nucleon E/A to the Fermi mo-
mentum of nuclear matter kF . The salient feature is that the saturation point of the different interaction, the
minimum of the saturation-energy curve, lies in a rather narrow band, in which the empirical saturation point
does not locate. This band has been called as the Coester band, after Coester et al. presented such systematic
results in Ref. [31]. This property persists in the calculations using modern nucleon-nucleon potentials with
higher accuracy in reproducing NN scattering data. Various calculations in the literature indicate that higher-
order correlations beyond the standard Brueckner calculation do not change the situation, although a different
choice of the intermediate spectra of the propagator in the G-matrix equation causes a shift of the Coester band
itself. Figure 2 demonstrates saturation curves obtained in the LOBT with the continuous (thick curves) and
gap (thin curves) prescriptions for the intermediate spectra of the propagator in the G-matrix equation, using
NN potentials such as AV18 [34], NSC97 [35], CD-Bonn [36], and fss2 [37].
TABLE I: Deuteron D-state probability pD of the NN interactions used in Fig. 2.
AV18 NSC97 fss2 CD-Bonn
pD 5.76 5.39 5.49 4.85
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FIG. 2: LOBT saturation curves in symmetric nuclear matter with the continuous (thick curves) and the gap (thin
curves) prescriptions for the intermediate spectra, using modern NN potentials: AV18 [34], NSC97 [35], CD-Bonn [36],
and fss2 [37]. Two broad hatches are a rough guide for the Coester band. The standard empirical saturation point is
indicated by the square.
The variation of the saturation curve is known to be controlled by the strength of the tensor component.
Because the considerable attraction in the proton-neutron (3S1) channel is brought about by ladder correlation
through the tensor force and the correlation is influenced by the Pauli effect in the nuclear medium, the binding
energy of nuclear matter depends on the weight of the tensor component of the NN potential used. A useful
measure to specify the strength of the tensor correlation is a deuteron D-state probability pD, although this
quantity is not measurable. Table 1 tabulates values of pD of the NN interactions used in Fig. 2.
The NN potential with larger pD, which provides attractive contribution by the tensor correlation in free space,
tends to give a shallower saturation curve in nuclear matter due to the suppression of the tensor correlation.
Although this qualitative expectation does not explain why the shift due to the difference of pD moves in the
narrow Coester band, it is apparent that we should expect the variation of the saturation point depending on
the NN potential used in many-body calculations.
It is worthwhile to note that most of saturation curves calculated with the continuous prescription go past
near the empirical saturation point which is indicated by the square in Fig. 2. It implies that the G-matrices
as an effective interaction quantitatively work well for describing various structural and scattering properties of
nuclei, as far as the quantities associated with the slope and/or the curvature of the saturation curve are not
crucial for them.
III. LOBT CALCULATIONS USING LOW-MOMENTUM INTERACTIONS
A different approach to manipulate the singular short-range part of the NN force was developed in the 1990’s:
that is, low-momentum interaction theory [30]. The method is based on a renormalization group viewpoint
and equivalent interaction theory in a restricted space. Starting from the bare NN interaction, high-momentum
components are integrated out to define the interaction Vlowk in low-momentum space appropriate for low-energy
nuclear physics. Vlowk is the interaction which reproduce the same half-on-shell T matrices of the original bare
NN interaction V . Denoting the projection operator into the low-momentum space by P , Vlowk is defined to
satisfy
PTP = PVlowkP + PVlowkP
1
ω − tPTP, (4)
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FIG. 3: Variation of LOBT saturation curves in symmetric nuclear matter under the change of a low-momentum cutoff
scale Λlowk. Results for two NN potentials, AV18 [34] and CD-Bonn [36], are shown. The broad hatch is a rough guide
for the band in which saturation minima locate.
where 1ω−t is a free nucleon propagator and T -matrix is given by T = V + V
1
ω−tT in the entire space.
It is straightforward to do nuclear matter LOBT calculations by taking the low-momentum interaction as
the input NN interaction. Because high-momentum components are eliminated, the G-matrix equation is not
meant for taking care of them, but the G-matrix equation and the self-consistency of single-particle energies
take into account ladder correlations together with certain higher order correlations in the low-momentum
space. By definition, low-momentum interaction is regarded as obtained by a unitary transformation, because
low-momentum interaction in the Lee-Suzuki method [38, 39] is identical to that of the renormalization group
consideration [30]. In this sense, the low-momentum interaction is a soft version of the original bare interaction
by some appropriate unitary transformation. Thus we expect that the saturation point obtained by Vlowk with
a different low-momentum scale moves in the Coester band. As an illustration, the AV18 [34] and CD-Bonn [36]
potentials [34, 36] are taken as a starting bare potential and construct low-momentum interaction for the cutoff
of Λlowk = 6, 5, 4, and 3 fm
−1, respectively. The saturation curves obtained in the LOBT with these potentials
are plotted in Fig. 3. Varying the low-momentum cutoff Λlowk, the saturation point systematically shifts on the
Coester band. The similar result was presented before by Kuckei et al. [40]. The difference of the saturation
curves obtained from the AV18 and CD-Bonn is seen to gradually reduce by lowering the low-momentum scale
Λlowk.
The unitary transformation of the NN interaction preserves corresponding on-shell properties of the original
interaction in the low-momentum space. However, it induces many-body interactions when practiced in a many-
body space. If these induced many-body interactions are included, the result of the original bare interaction
should be recovered. The occurrence of this restoration was actually demonstrated in few-body calculations in
the similarity renormalization group method [41]. In the case of low-momentum interaction method, the unitary
transformation to the low-momentum space is to be carried out in the many-body space. Such a framework to
include the induced interaction was developed by Suzuki, Okamoto, and Kumagai [42] as the unitary-model-
operator-method (UMOA), and was applied for 16O and 40Ca in [43]. However, an explicit application of this
method in nuclear matter has not been undertaken. The inclusion of higher-order correlations are beyond the
scope of the present paper.
The necessity of incorporating the induced many-body interaction to recover the result of the original bare
force is analogous to the introduction of the 3NF and the cutoff-scale dependence of its contributions. This
point is discussed in the following sections.
6IV. LOBT CALCULATIONS WITH THE N3LO NN INTERACTIONS IN CHIRAL EFFECTIVE
FIELD THEORY
This section supplements the results of Ref. [25], where LOBT nuclear matter calculations are presented,
using NN and 3N forces in chiral effective field theory. The NNLO 3NF has 5 low-energy constants. Three of
them are fixed in the NN sector: c1 = −0.81 GeV−1, c3 = −3.4 GeV−1, and c4 = 3.4 GeV−1 [44]. Remaining
parameters, cD and cE , are adjusted to reproduce, for example, observables of few-nucleon systems. In Ref.
[25], the values of cD = −4.381 and cE = −1.126 given in the Table 1 of the paper by Hebeler et al. [21]
for the EGM interaction [44] were employed, and uncertainties due to cD and cE were disregarded because
the nuclear matter saturation curves are reasonably well reproduced. In this paper, a more careful analysis is
prepared for the uncertainties on these constants. Using a Hartree-Fock level expression, it is shown that if the
relation of cD ≈ 4cE is satisfied, contributions of these two terms almost cancel each other. The values used
in Ref. [25] approximately fulfil this relation. It indicates that the condition of cD ≈ 4cE is preferable for the
LOBT calculations in nuclear matter. It is interesting that the few-nucleon calculations [45] actually suggests
cD ≈ 4cE in the case of cD < 0 in its continuous uncertainties. Therefore, in this paper, calculated results with
cD = cE = 0 are first presented as a reference case and the variation due to changing cD and cE is shown.
A. Uncertainties of cD and cE
Before carrying out explicit G-matrix calculations in nuclear matter, it is instructive to consider the mean-field
contributions of the cD and cE terms to the nuclear matter energy. Integrating three-nucleon matrix elements
in symmetric nuclear matter, we obtain the following expression for the contributions to the energy, which are
same as those given by Bogner et al. in Ref. [19].
EcD/A =−
35
4(2pi)4
1
k3F
gAcD
f4piΛχ
∫ kF
0
Y 2dY
∫ √k2
F
−Y 2
0
p2dp
∫ 2
3
(kF+Y )
0
q2dq
× 4p
2
4p2 +m2pi
f2R(p, q)F (p, Y ; kF )G(q, Y ; kF ), (5)
EcE/A =−
35
(2pi)4
1
k3F
cE
f4piΛχ
∫ kF
0
Y 2dY
∫ √k2
F
−Y 2
0
p2dp
∫ 2
3
(kF+Y )
0
q2dq
× f2R(p, q)F (p, Y ; kF )G(q, Y ; kF ), (6)
where fR = exp{−(p2 + 34q2)2/Λ43NF} is a regularization factor and two functions F (p, Y ; kF ) and G(q, Y ; kF )
are defined as
F (p, Y ; kF ) =
{
2 for p ≤ kF − Y ,
k2
F
−p2−Y 2
Y p for kF − Y ≤ p ≤
√
k2F − Y 2.
(7)
G(q, Y ; kF ) =
{
2 for 0 ≤ q ≤ 23 (kF − Y ),
k2
F
−( 3
2
q−Y )2
3Y q for
2
3 (kF − Y ) ≤ q ≤ 23 (kF + Y ).
(8)
Numerical calculations in the range of 0.8 ≤ kF ≤ 1.8 fm−1 with fpi = 92.4 MeV, Λχ = 700 MeV, and Λ3NF = 2
fm−1 show that the values of EcD/A and EcE/A is fitted well by simple quadratic polynomials of the function
of the density ρ =
2k3
F
3pi2 as
EcD(ρ)
A
= cD × (−0.1902 + 2.952ρ+ 37.16ρ2), (9)
EcE (ρ)
A
= cE × (0.8695− 17.52ρ− 128.3ρ2). (10)
It is easy to see that EcD/A(ρ) and EcE/A(ρ) cancel to a large extent at any density of 0.8 ≤ kF ≤ 1.8
fm−1, namely 0.035 ≤ ρ ≤ 0.394 fm−3, when cD ≈ 4cE holds. As is shown below, this cancellation persists
in the LOBT calculations. The calculations in nuclear matter in Ref. [25] indicate that contributions from
the cD and cE terms are better to cancel to describe nuclear properties. As far as the nuclear matter energies
are concerned, the actual values of cD and cE are not important if cD ≈ 4cE . It is even acceptable to set
7cD = cE = 0. Therefore, the main 3NF contributions come from the terms of the coupling constants c1, c3 and
c4 which are settled in the NN sector, though there is a possibility of carefully tuning cD and cE in a natural
size to achieve a good description of finite nuclei.
B. Results of LOBT calculations
Figure 4 shows saturation curves obtained by the N3LO Ch-EFT NN interaction with the three choices of
the cutoff scale: Λ = 450, 550, and 600 MeV, respectively. The results of the AV18 force [34] shown in Fig. 3
are also included for comparison. As low-energy effective theory, the Ch-EFT potential is not applied to the
high momentum region. Hence, the LOBT calculation in Fig. 4 is limited below kF = 1.8 fm
−1. The Ch-EFT
potential with Λ = 550 MeV is seen to possess a similar saturation property in LOBT to that of AV18. Larger
(smaller) cutoff energy affords stronger (weaker) tensor components, and the saturation minimum obeys the
Coester band.
When the cutoff scale is small, Λ = 450 MeV, the tensor component is relatively small and thus the central
component gives larger attraction which is not much suppressed by the Pauli blocking. On the other hand, if
the attraction provided by the tensor correlation is large in the free space, the attraction is sensitive to the Pauli
effect. This explains that the saturation point appears at the lower density with the smaller binding energy. If
E/A in fm−1 is supposed to scale linearly with kF in fm
−1, saturation minima yield the Coester band.
The results with included the 3NF effects are shown in Fig. 5. The N2LO 3NF V123 of the chiral effective field
theory is first reduced to an effective NN interaction V12(3) by folding third single-nucleon degrees of freedom.
〈k′1σ′1τ ′1,k′2σ′2τ ′2|V12(3)|k1σ1τ1,k2σ2τ2〉A
≡
∑
k3,σ3τ3
〈k′1σ′1τ ′1,k′2σ′2τ ′2,k3σ3τ3|V123|k1σ1τ1,k2σ2τ2,k3σ3τ3〉A, (11)
where σ and τ denote spin and isospin indices.The density-dependent effective NN force from the N2LO 3NF
was first discussed by Holt, Kaiser, and Wesie [24]. Here, the approximation for the off-diagonal metrix elements
in their paper is not used. The detailed expressions of the partial wave decomposition are given in Appendices
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FIG. 4: LOBT saturation curves in symmetric nuclear matter with the continuous choice for intermediate spectra, using
the N3LO NN interaction with three choices of the cutoff energy: Λ = 450, 550, and 600 MeV, respectively. The results
of the AV18 force [34] shown in Fig.3 are also plotted for comparison.
8of Ref. [25]. When V12(3) is added to the original NN interaction, some caution is necessary for a statistical
factor. As is explained in Ref. [25], the following prescription for the G-matrix calculations is used:
G12 = V12 +
1
3
V12(3) + (V12 +
1
3
V12(3))
Q
ω −HG12. (12)
The energies in the propagator are calculated by the single-particle energy defined by
ek = 〈k|t|k〉+ UG(k) (13)
UG(k) ≡
∑
k
′
〈kk′|G12 + 1
6
V12(3)
(
1 +
Q
ω −H
)
G12|kk′〉A. (14)
The total energy per nucleon is evaluated as
E/A =
1
ρ
∑
k
〈k|t|k〉+ 1
2ρ
∑
k
UE(k), (15)
where the single-particle potential UE(k) is different from UG(k) given above and defined by
UE(k) =
∑
k
′
〈kk′|G12|kk′〉A. (16)
The difference between UE(k) and UG(k) may be called a rearrangement contribution of 3NF origin, which is
repulsive and of the order of 5 MeV.
Figure 5 shows that when V12(3) is included the cutoff-energy dependence is substantially reduced and the
saturation curve is improved to match the empirical one. On the basis of the discussion in the previous
subsection, the low-energy constants of the 3NF contact terms are taken to be cD = cE = 0 as a reference case.
The repulsive contribution arises in the 1S0 state. The net contribution of
3P states is also repulsive, although
the attractive spin-orbit interaction is enhanced.
It is helpful to assess the calculated saturation curve by evaluating an incompressibility K, a symmetry energy
S and its slope parameter L at the saturation minimum, although it has to be kept in mind that the calculated
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FIG. 5: LOBT saturation curves in symmetric nuclear matter with and without the 3NF effects for three choices of
the cutoff energy. The continuous choice is employed for intermediate spectra. The low-energy constants are set as
cD = cE = 0.
9TABLE II: Properties of calculated saturation curves in symmetric nuclear matter with V12(3) included in the three cases
of the cutoff energy Λ. ρ0, K, S, and L are a saturation density, an incompressibility, a symmetry energy, and a slope
parameter, respectively.
Λ (MeV) 450 550 600
ρ0 (fm
−3) 0.157 0.160 0.162
E(ρ0)/A (MeV) −15.4 −14.1 −13.2
K (MeV) 211 209 194
S (MeV) 34 30 30
L (MeV) 70 57 53
curves do not fully reproduce the empirical saturation minimum. The symmetry energy is estimated by the
energies of symmetric nuclear matter and pure neutron matter, ESNM (ρ)/A and EPNM (ρ)/A; that is, S =
EPNM (ρ0)/A − ESNM (ρ0)/A where ρ0 is a saturation density of ESNM (ρ)/A, and L = 3ρ0 dEPNM(ρ)/Adρ
∣∣∣
ρ=ρ0
.
The saturation curves including the 3NF effects V12(3) shown in Fig.5 correspond to those values given in Table
2.
Let us, now, investigate a range of the changes of the saturation curve due to the different choice of cD and
cE . Figure 6 shows four cases of the saturation curve; that is, (cD = 2.0, cE = 0), (cD = −2.0, cE = 0),
(cD = 0, cE = 0.5), and (cD = 0, cE = −0.5), compared with the curve of (cD = 0, cE = 0) given in Fig. 5
and that of (cD = −4.381, cE = −1.126) in Ref. [25]. It is seen that if cD ≈ 4cE is satisfied, contributions from
the cD and cE terms almost cancel also in the LOBT calculations and the saturation curve should be close to
that of cD = cE = 0. It is noted that the absolute value of the cD and cE term contributions is smaller than the
mean-field value, Eqs. (9) and (10), through the correlation in the G-matrix equation. Another remark is that
although the choice of cD = cE = 0 works well for describing nuclear saturation properties, a different choice
within the relation cD ≈ 4cE might be preferred if a specific spin-isospin character is concerned, because while
the cD term gives rise to a tensor component, the cE term does not.
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FIG. 6: Dependence of saturation curves on the 3NF low-energy constants cD and cE around the reference value of
cD = cE = 0 for the three choices of the cutoff energy Λ. The saturation curves presented in Ref. [25] using cD = −4.381
and cE = −1.126 are also included.
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V. QUALITATIVE EXPLANATION OF THE 3NF EFFECTS
It is meaningful to understand, in a qualitative way, the effects of the 3NF in chiral effective field theory; that
is, to provide the physical interpretation of the 3NF contributions. The two salient properties are discussed.
One is the repulsive effect in the 1S0 channel, which is basically important to reproduce reasonable saturation
properties. The other is the enhancement of the tensor component in the 3S1 channel. The Pauli blocking
plays a central role in both cases. As far as the influence of the 3NF appears dominantly as the Pauli effect,
the reduction of the 3NF to an effective two-body interaction in the nuclear medium is justified, because the
Pauli effect is operating in two-nucleon processes. It is useful to demonstrate the consequence of these effects
by showing, in subsection 5.3, each S and T channel contribution in the potential energy.
A. 1S0 channel
It has been known that if an isobar ∆ excitation in the two-nucleon scattering process is explicitly considered,
the contribution of the diagram depicted in Fig. 7(a) supplies the (NN)L=0,S=0,J=0 state being caused by the
tensor component of the pion exchange, the attraction is similar to that of the tensor correlation in the 3S1
channel. When the 1S0 interaction is embedded in the nuclear medium, the excitation to the (∆N) intermediate
state is partly Pauli-blocked, Fig. 7(b). The suppression of the attraction leads to the repulsive effect. This
mechanism has been studied by various authors. It is also known that the Pauli-blocking effect for the ∆-
excitation can be described by introducing 3-body interaction of the Fujita-Miyazawa type, Fig. 7(c).
In the description of NN interaction in chiral effective field theory, the isobar ∆-excitation does not explicitly
appear in most cases. Its effects are certainly inherent in the coupling constants. The 3NF involving these
coupling constants brings about the relevant Pauli blocking effect.
B. 3S1 channel
The mechanism discussed in Sect. 3-1 is irrelevant in the 3S1 channel because of the isospin. There is,
however, another Pauli blocking effect for the tensor component of the 3S1 NN interaction. The strong tensor
force arising from the one-pion exchange is one of the most salient features of the NN interaction. In the
actual construction of the NN interaction in the one-boson exchange potential (OBEP) model, the one-pion
exchange tensor component has to be weakened to fit the scattering data. One plausible natural mechanism is
the cancellation by the tensor component of the ρ-meson exchange in the opposite sign. In the Ch-EFT, the
ρ-meson is irrelevant. However, the reduction of the one-pion exchange tensor component is found to be given
[46] by the two-pion exchange process, Fig. 8(a). As in the same way for the ∆-excitation, this process is partly
Pauli-blocked in the nuclear medium, Fig. 8(b), and the effect is taken into account by considering the 3NF,
Fig. 8(c). The suppression of the two-pion exchange process means that the tensor force is enhanced in the
3S1 channel in the nuclear medium, depending on the density of nuclear matter, compared with that in the free
space. This enhancement of the tensor component is not expected in the standard OBEP picture. On the other
hand, it has been known that two-pion exchange 3NFs effectively strengthen the two-nucleon tensor force.
In order to quantify the 3NF effects for the strength of the tensor component in nuclear matter at the normal
density, the bare diagonal matrix elements of the S-D tensor interaction and those in low-momentum space
are shown in Fig. 9 with and without 3NFs for the 3 cases of the cutoff mass Λ = 450, 550, and 600 MeV,
N N
N N
∆ N
N N
N N
∆ h
NN
N N
∆
h
h
(a) (b) (c)
FIG. 7: Diagrams including isobar ∆ excitation: (a) a process to be implicitly taken into account in the description of
NN interaction, (b) ”h” standing for an occupied state, and (c) a 3NF diagram of the Fujita-Miyazawa type.
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N N
N N
h
NN
N N
h
h
(a) (b) (c)
pi
pi
pi
pi
pipi
FIG. 8: Two-pion exchange diagrams: (a) a process taken into account in the description of NN interaction in Ch-EFT,
(b) ”h” standing for an occupied state, and (c) a 3NF diagram in Ch-EFT.
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FIG. 9: S-D tensor diagonal matrix element in momentum space. The left panel is for the bare interaction with and
without V12(3) for the three cases of the cutoff energy Λ. The right panel is for the low-momentum equivalent interaction
with Λlowk = 2 fm
−1.
respectively. Figure 9 is for the case of cD = cE = 0. It is seen that the magnitude of the bare S-D tensor
interaction is enhanced by about 40 % at the normal density through the 3NF, and this influence remains in
low-momentum space with Λlowk = 2 fm
−1. It is interesting that the two-body tensor interactions with the
different cutoff Λ become almost identical when they are transformed into low-momentum space, though the
difference is apparent in bare matrix elements. It is noteworthy that this collapse holds even after 3NF effects
are included. Namely, the equivalent tensor force in low-momentum space is insensitive to the cutoff scale Λ.
As noted at the end of the subsection 4.2, the tensor component is brought about through the cD term.
Figure 10 compares the bare and low-momentum diagonal S-D matrix elements with (cD = cE = 0) and those
with (cD = −4.381, cE = −1.126) used in Ref. [25]. In the latter case, the enhancement of the magnitude of
the S-D tensor interaction is seen to become smaller to be about 30 %, which indicates the quantitative effect
of the cD term of the 3NF to the effective tensor force.
The enhancement of the effective tensor interaction in the nuclear medium due to the 3NF might be checked by
some adequate experimental observables. The enhanced tensor interaction of the NN interaction in the nuclear
medium brings about larger attraction in the 3S1 channel through the tensor correlation. For the nucleon in
scattering states, it makes the imaginary part of the optical potential larger. This effect may be examined by
considering nucleon-nucleus and nucleus-nucleus scattering processes. Promising results are reported in Refs.
[47, 48].
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FIG. 10: Comparison of bare and low-momentum S-D tensor diagonal matrix elements in momentum space for the two
choices of cD and cE parameters: (cD = cE = 0) and (cD = −4.381, cE = −1.126. Three cases of the cutoff energy Λ
are shown. The low-momentum cutoff is Λlowk = 2 fm
−1. Note that the curves of the different cutoff energy Λ for the
low-momentum space are virtually indistinguishable.
C. Each S-T channel contribution of the potential energy
Summarizing the effects discussed in the preceding subsections, each of 1O, 3E, 1E, and 3O contributions in
the potential energy in nuclear matter is given in Fig. 11 in the case of the cutoff Λ = 550. The corresponding
energy obtained by the Gogny D1S density-dependent effective interaction [49], which has been commonly used
for a mean-field description of finite nuclei, is included.
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FIG. 11: Decomposition of the potential energy to 1O, 3E, 1E, and 3O contributions in the case of λ = 550 MeV. The
left panel is a comparison of the results with and without 3NF contributions for cD = cE = 0. The results from the
Gogny D1S density-dependent effective interaction [49] are also shown. The right panel includes, in addition, the results
with cD = −4.381 and cE = −1.126.
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The difference between the solid and the dashed curves indicates the effect of the 3NF. The repulsive con-
tribution in the 3O channel as well as in the 1E channel is responsible for bringing the saturation minimum at
the lower density. The 1O channel is scarcely affected by the 3NF. The largest attractive contribution in the 3E
channel increases through the enhanced tensor component, as discussed in the subsection 3.2. The knowledge
of these 3NF contributions may be used to improve the properties of phenomenological effective interactions. It
is interesting to see that the results of the Ch-EFT interaction with the 3NF effects are similar to those of the
Gogny D1S interaction below the normal density. It is not surprising that the D1S curves deviates from those
of the Ch-EFT at higher density regions, because the spin-dependent character of the density dependent part is
not well controlled by the data of finite nuclei. While the saturation is assured by the density-dependent term
in the 3E channel in the description of D1S, it is brought about by the repulsion appeared in the 1E and 3O
channels in the Ch-EFT description.
VI. SUMMARY AND REMARKS
The saturation mechanism of nuclear matter has been discussed in view of chiral effective field theory, in which
three-nucleon interactions consistent with the two-nucleon part are systematically defined. The uncertainties of
nuclear matter calculations in the lowest-order Brueckner theory, which has been known as the Coester band,
were revisited employing modern NN potentials and their low-momentum equivalent interactions. Then, the
results using the chiral N3LO NN and N2LO 3N potentials with the three choices of cutoff parameters, Λ = 450,
550, and 600 MeV, are presented. As effective theory, the predictions for empirical quantities are desirable
not to depend on the cutoff scale of the parameterization. The effective parameters fitted in the two-nucleon
interaction level vary depending on the different cutoff energy, which naturally bear different off-shell properties,
and they are related each other by some unitary transformation. Therefore, as was shown in Sections 2 and 3,
the nuclear matter saturation point in the LOBT moves on the Coester band depending on the cutoff energy.
It is noteworthy to see that the inclusion of the 3NF changes the situation and the nuclear saturation is
reasonably well reproduced after the 3NF effects are incorporated. The 3NFs are treated by reducing them to
effective two-body interactions by folding the third nucleon degrees of freedom. As explained in the discussion of
Sec. 5, this approximation is justified by the fact that the main effects of the 3NF can be regarded as resulting
from the inclusion of the Pauli effects in two-pion exchange processes of the two-nucleon interaction. It is to
be noted that the contributions of the specific 3NF processes bearing new parameters cD and cE , turn out
to give minor effects, as far as the relation cD ≈ 4cE is satisfied. The prescription of cD ≈ 4cE is favorable
for explaining nuclear saturation properties in the LOBT. Thus, calculations using cD = cE = 0 are mainly
presented as a reference case. Then, the dependence of the calculated result on the choice of cD and cE is shown.
If a specific component of the effective NN interaction in the nuclear medium is interested, fine tuning of cD
and cE may be applied. Except for the reasonable choice of cD and cE , being in a natural size, no adjustable
parameter is introduced in this paper.
The repulsive contribution in the 1S0 state is understood as the effect of the suppression of the isobar ∆
excitation in the nuclear medium, which has been known a long time, although there is no explicit ∆ in the
present N3LO interaction. In the 3S1 channel, the isobar ∆ is irrelevant. In this case, the important effect
appears through the tensor component. The one-pion exchange has a strong tensor component. To match the
experiment, the strength is needed to be reduced. A physical and natural cut is provided, with a description of
a OBEP model, by the ρ-meson exchange which has a tensor component in the opposite sign. In chiral effective
theory, a two-pion exchange process replace the role of the ρ-meson exchange, and the two-pion exchange is
hindered in the nuclear medium to partly restore the one-pion exchange tensor component.
The significant role of the 3NF in realizing correct nuclear saturation properties indicates that other baryon
degrees of freedom than protons and neutrons, which are eliminated in constructing potential description, are
important. The 3NF is analogous to the appearance of induced many-body interactions in a restricted space of
nuclear many-body theory. Though the reason of justifying the reduction of the 3NFs to an effective two-nucleon
interaction in the medium is explained, it is certain that a full treatment of the 3NF is necessary. Concerning
this problem, it is noted as a final remark that the wound integral κ of the LOBT calculation with the Ch-EFT
potential is somewhat large, in particular when the 3NF effects are included, κ ≃ 0.25, compared to that of
other modern NN potentials which is around κ ≃ 0.15. This suggests that the convergence of the Brueckner-
Bethe-Goldstone hole-line expansion is slower. It is therefore important in the future to quantitatively estimate
more than three-nucleon correlation energies in the nuclear medium using the Ch-EFT interaction.
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